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>intness and quasifactors in topological dynamics

.I's van der Woude

ACT

We present some results about the disjointnessrelations between factors,
1sions and quasifactors of minimal topological transformationgroups

s) with arbitrary phase group and compact Hausdorff phase space. Also
\aracterize some families of minimal ttg's whose members are disjoint

a certain collection of minimal ttg's. For instance we prove, that if
‘hase group is strongly amenable then the minimal ttg's, which are dis-

- from every PI-ttg, are just the weakly mixing ones.

ORDS & PHRASES: topological transformation group, disjointness, quasi-

factor, highly proximal extension.
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NTRODUCTION

Several authors ([4],[51,[71,091,[10] and [16]) used quasifactors in
:ructure theory of minimal topological transformation groups (from now
> term topological transformation group(s) will be abbreviated by

35)). In this paper we shall make an extensive use of the properties of
Factors in the determination of disjointness classes.

[he first section will be devoted to some basic statements about quasi-
rs and extensions in relation to disjointness. It contains a result im-
1t for the rest of this paper(l1.5). It states, that given a distal ex-
m ¢: X —> Y, every quasifactor of X which is disjoint from Y is distal.
ction 2 we characterize -in terms of quasifactors the collection Kt of
inimal ttg's that are disjoint from every member of a certain family K
aimal ttg's. For nice families K this gives us relatively smooth des-
ions for K* (2.9, 2.10, 2.12, 2.13, 5.4). Section 3 provides a genera-
ion of [11], 4.5, where KEYNES states, that for abelian phase groups
inimal ttg's are disjoint whenever G = uM (3.4). In section 4 we
cterize (without countability assumptions) the incontractible weakly

;3 minimal ttg's as the incontractible minimal ttg's without distal fac-
this result is extended in the fifth section to the minimal ttg's dis-
from every PI-ttg. The last section deals with common factor problems,
:sults in the observation, that for arbitrary phase groups and minimal
X and Y, such that one of them is regular and one of them is in pHt
the family of minimal distal ttg's), the disjointness of X and Y is

ilent to having no nontrivial common factor.

Je will now introduce some basic notions and notations. For a more
shensive treatment we refer to [4], [16] and with more notational re-
ince [9]. Under a ttg we shall understand here an action of T on X,

[ an arbitrary topological group and X a compact Hausdorff space. The
10f T on X is a continuous mapping (t,x) —> tx : T x X — X such
(ts)x = t(sx) and ex = x for all s,t € T and x ¢ X (e is the unity of T)
7 we shall consider T to be understood and denote the ttg by its phase
only. A homomorphism of ttg's ¢: X —> Y is a continuous map which

tes with the action of T on X and Y i.e. ¢(tx) = t¢(x) for all t ¢ T




nd x € X. If ¢ is a homomorfism onto we shall call ¢ an extension and also
e shall call X an extension of Y if there is an extension ¢: X —> Y.

Let (T,M) be the’universal minimal ttg for T ([3j), i.e. M is minimal
nd an extension of every minimal ttg with phase group T. Then M is isomor-
hic to a maximal left ideal in its enveloping semigroup E(M), it is a semi-
roup itself and accordingly it acts on every minimal ttg (T,X). Denote the
ollection of idempotents in M by J, then M = U {vM | v € J} and every vM is

subgroup in M, while {vM | v € J} is a partition of M. For u € J we can

efine a nice compact T,-topology on uM, the so-called t-topology. In uM we

onsider the stabilizerlfor (T,X) with respect to the point Xg» chosen such
hat ux) = x, :C}(X,xo) = {0 e w | ax, = xo}. It is called the Ellisgroup
f (T,X,xo) and it plays an important role in the structure theory of minimal
tg's ([71,[9]) The Ellisgroups are t-closed subgroups of uM and moreover
very t-closed subgroup of uM can be obtained as an Ellisgroup.
Every ttg (T,X) induces a hypertransformation group (T,ZX) where 2% =
{AcX | A=A# @} (for an explicit treatment of possible topologies on
X see [13]. We will use the Vietoris topology on 2X). Since X is compact
ausdorff, 2X is compact Hausdorff and the action of T on 2X defined by
t,A) — tA = {ta I a € A} is continuous ({12]). Every homomorphism
: X —> Y induces a homomorphism ¢*: X 2¥ defined by ¢*(A) = ¢LA]. If
is open there are also homomorphisms ¢+*: Y ——A-ZX defined by ¢+*(y) =
¢+(y) and ¢+**: 2Y ——%-ZX by ¢+**(B) = ¢+[B], clearly ¢+* and ¢4** are
mbeddings. There exist two "actions" of E(M) on 2X, namely one defined by
A := {pa | a € A} and one defined by p o A := lim tiA ({ti}i a net in E(M)
onverging to p) for p € E(M) and A ¢ 2X; see [9]. Always pA < p o A but in
eneral the inclusion is strict. If X is a minimal ttg, then a quasifactor
f X is a minimal subttg of ZX. It can be shown that every quasifactor has
he form QF(A,X) = {p o A | p € M} for some A ¢ 2X, QF (A,X) is non-trivial
ff A # X iff X ¢ QF(A,X); obviously X is a non-trivial quasifactor of it-
elf iff X is non-trivial (X = QF({x},X)).
Finally recall that two minimal ttg's X and Y are called dZsjoint

1Y) if X x Y is minimal. For a family K of minimal ttg's we denote by

L . .. . . ..
the collection of minimal ttg's, which are disjoint from every member of

, and k't means (Kl)l.




JASTFACTORS AND EXTENSIONS

for a homomorfism ¢: X —> Y of minimal ttg's (hence ¢ is an extension)
Fine 2%¢ by 2t - {A € 2X | ¢[A] = Y}. Then otd is a closed and invari-
ibset of ZX. The easy proof of the following lemma will be omitted.

EMMA. Let ¢: X —> Y be a homomorphism of minimal ttg's. Then

¢ s an open map then every quasifactor of Y is a quasifactor of X;
QF(A,X)] = QF (o[ Ad,Y);

» every quasifactor X of X holds ¢*[X] is trivial iff X c 2*® iff

) 2l¢ 0.

REMARK. If a ttg X contains a nonempty proper subset Z, which is in-

it under M (i.e. for every point in Z, Z contains a minimal subset of

cbitclosure) then X is not minimal. As a consequence we have

[HEOREM. Let ¢: X —> Y be a homomorphism of minimal ttg's. Then
Y X for every nontrivial quasifactor Y of Y;

Yy Y for every nontrivial quasifactor X of X with X n 2t @ .

ice ¥ is a nontrivial quasifactor of Y, there exist B ¢ ¥ and Xy € X

:h ¢(x0) ¢ B. So the non-empty subset A = {(x,A) ¢ X x ¥ | d(x) € A}

X x ¥ is a proper subset. Let (x,A) € A then ¢(px) = pdp(x) € PACpoA
all p e M so p(x,A) = (px,peA) is in A and A is invariant under M.

1.2 X x ¥ 1is not minimal, thus X 7 ¥.

‘ine a subset A of X x Yby A= {(A,y) ¢ X x Y ! y € ¢[A]}. Then A # @

| because there exist B ¢ X and Yo € Y with Vg € ¢[B], A is a proper

set of X x Y. Also A is invariant under M; indeed, if x ¢ ¢[A] and

©' M then px € p¢olA] c p o ¢[A] = ¢[poA]. (¢* is a homomorphism!) []

'he following are easy consequences of 1.3: a ttg is never disjoint from
m-trivial quasifactors and if ¢ is a highly proximal extension, then

" for every non-trivial quasifactor X of X (See the beginning of §2

e definition of highly proximal extensions and 2.1).

'or our next result we need a definition: Let ¢: X —> Y be a homo-

m of minimal ttg's., Call a quasifactor X of X ¢-sectional whenever




[A] = Y and ¢[AC] = Y for every A € X. In particular X ¢ 2l¢.

.4. THEOREM. Let ¢: X —> Y be an open homomorphism of minimal ttg's. Then

(Y Y for every non-trivial quasifactor X of X that is not ¢-sectional.

'ROOF. Let X be a quasifactor of X. For the case that X n 21t o § see 1.3.b.

et X ¢ 2'qu be non-trivial and not ¢-sectional. Define the subset A of X x Y
+ .

v A= {(A,y) e XxY | ¢ (y) c A}, then A is a nonempty proper subset of

{ x Y. Indeed, there are B ¢ X and Yo € Y with ¢[B] = Y and Yo ¢ ¢[Bc] hence
) (yO) < B, moreover for x € A ¢ X we have ¢ (p(x)) ¢ A. Flnally A is in-
rariant under M, because if (A,y) € A then ¢ (py) =p ° ¢ (y)(¢ is a homo-
iorphism, since ¢ is open) so ¢+(py) cp o Aand p(A,y) = (peA,py) € A for
111 p € M. Application of 1.2.on X x Y and A concludes the proof. [J

For the main theorem of this section we have to recall the following
‘act. Let ¢: X —> Y be a homomorphism of minimal ttg's and fix u ¢ J, choose
o € X with ux) = X and put Yo = ¢(x0). Let F be the Ellisgroup of Y rela-
ive Yo then ¢ is distal iff ¢+(py0) = pro for every p ¢ M. In particular

Fx, =p o Fxy. (e.g.[9], T. 4.1.)

.5. THEOREM. Let ¢: X —> Y be a distal homomorphism of minimal ttg's. Then

wery non—trivial quasifactor of X that is disjoint from Y is distal.

'ROOF. Every distal homomorphism is open, so by 1.4 we may restrict our at-
:ention to ¢-sectional quasifactors X of X. So let X be a quasifactor of X
md X L Y, and fix x., € X, Yo € Y and F ¢ uM as above. Since X is ¢-sectional

0
7e have for every B € X and p ¢ M

.6. B n prO #¢ and B® n pr0 # 0.

Jow X = QF(A,X) for an A ¢ X with X, € A=uo A, for X = OF(B,X) for some

S 2X so by 1.6 there is an f ¢ F with fxo € uvoBand A = f—] o B e X
jatisfies the requirement. Since X X Y is minimal we may write X x Y =
{(pOA,pyO) | p e M} and (A,yo) is a u-invariant element of X x Y.
Define y: X x Y ——%—2 by (pOA,pyO) —+ (poA) n ¢ (pyo) Clearly w is

7ell defined and equivariant (commutes with the actions on X x Y and 2 )

H




We claim that § is continuous too, and so ¢ is a homomorphism of minimal
ttg's. First observe that (pe°A) n ¢+(py0) = (peA) n prO = p(AanO) =
=p o (AanO). For let x € (p°A) n ¢+(py0) = (peA) n pr0 say x = pfxo € poA
for some f ¢ F. Since fxO € up—](pOA) E.UP_l o (peA) = u-o A=A it follows
that x € p(AanO). As it is clear that P(Aano)-E p ° (AanO) < (p°A) n
(pOFxo) = (peA) n prO this proves our observation. It follows that
Y[X x Y] = {p o (AanO) ! p e M} = QF(AﬁFxO,X). Let a: M — X x Y be de-
fined by a(p) = (pOA,pyO) and y: M —> QF(AnFXO,X) by vy(p) = p o (AnFXO).
Then o and y are quotient maps and ¢ © a = y, so ¢ is continuous, which
proves our claim.

Now define 5: QF(AanO,X) — Y by $((p0A)onx0) = pyy- Since
(peA) n prO i (gqeA) n qFxO implies prO n quO # @ and so PYy = 4¥4> it
follows that ¢ is well defined. In addition ¢ is equivariant and by a similar
argument as for the continuity of vy, $ is continuous and so $ is a homo-
morphism of minimal ttg's. Next we show that $ is not injective. To this
end, use 1.6 in order to choose p € M and f ¢ F with pfxO ¢ p o A. There

exists a ¢ e Mwith q o A# p o A and pfx, € q o A so (peA) n prO #

(qOA)r1pro.As (qOA,pyO) € X x Y we can fgnd an r € M with (qOA,pyO) =
=r o (A,yo) = (roA,ryO) and consequently (qoA) n pr0 = (roA) n rFxO. It
follows that prO n rFxO # ¢ and so PYy = T¥ps whereas (poA) n pro #
(roA) n rFxO = (qeA) n prO.

Finally we show that 3 is distal, or equivalently, $+(py0) = pF(AanO)
for every p ¢ M. If f ¢ F then ¢(pf(Aano)) = ¢((pf0A)onxO) = Pyp, SO
pF(AanO)

Then prO = qFxO and up—]q € F. Now choose v ¢ J with vp = p then vq = pf

In

gé(pyO). Conversely consider q € M with qyg = g(q(AnFXO)) = PYgy-

for £ = up_lq e F, and vq(AanO) = pf(AanO). Since q(AnFXO) = qFxO = prO =
= vaxO < VMXO we know that vq(Aann) = q(Aann), so q(Aann) = pf(Aann) [
< pF(AanO),Vtherefore $+(py0) E.PF(A”FXO) and ¢ is distal.

If we consider the following commutative diagram

X<y v _OF (anFx %)




rith ﬂz(pOA,pyO) = PY, for p € M, we may conclude from lemma II.3 of [11],
‘hat X has a non-trivial distal factor, say W. In fact W is obtained as a
O,X) as follows:

ZQF(ADFXO’X) by w#(pOA) = {(p°A) n rFx | r ¢ M and r o A =

juasifactor of QF (AnFx
Jefine w#: X —
: p o A}. Then w# is a homomorphism and W is defined as w#(X) But w is in-
‘ective; for let p o A # d o A, x € (peA)\ (gqeA)and r ¢ M with X € rFx

chen (poA) n rFx # (qoA) n rFx . Since {mFx | m e M} is a partltlon of X
7e may conclude that (peA) n rFx ¢ w#(qOA) and so w#(pOA) # ¢ (qeA).

’he compactness of X and W now gives X = W and consequently, X is distal. [J

We do not have to hope for an analogue of 1.3a where we compare quasi-
‘actors X of X with Y. The following example shows that if ¢: X — Y is
listal, then a ¢—sectional quasifactor X of X can be disjoint from Y. Let S

iw)

e the unit circle and define the transformation group (R ,S ) by (t,e
— ei(w+pt). Choose o irrational, then (R ,II) = (I{,S]xsa) ?s a minimal
:orus action, and it is equicontinuous. Let ¢: I'— S, be the projection
.n the first coordinate; ¢ is a homomorphism of minimal ttg's and clearly
, is distal. Define A = A = {(eiw,l) ! 0 <y < 2r} it is easy to see that
JF(A,IT) is a ¢—sectional quasifactor of ' and that it is isomorphic with
'R,S.). Since (R,T) is minimal it follows that (R,S) 1 (R,S,) and so ’
i]R,Sl) L (IR,QF(A,TT )). Observe that the obvious fact that QF(A,Tr ) is

distal is in accordance with 1.5.
i2. QUASIFACTORS AND DISJOINTNESS CLASSES

In [2] the authors gave a fruitful generalization of almost one-to-
yne extensions, the so called highly proximal extensions (h.p. extension for
short). We shall first summarize a few aspects of it, that are useful for
yur purpose: the characterization of disjointness classes in terms of quasi-
lactors.

Let ¢: X —> Y be a homomorphism of minimal ttg's; ¢ will be called
1ighly proximal (h.p.) if for some y € Y there is a net {tn} in T, such that
-he net {tn¢+(Y)} tends to a singleton in the hyperspace topology. For the

yroofs of the following lemmas we refer to [2].




LEMMA. For a homomorphism ¢: X —> Y of minimal ttg's the following
quivalent:
Lg an h.p. extension.
2ry non empty open subset of X contains a fiber ¢+(y) for some y e Y.
o x).

<~ <«
yeY, xe ¢ (y) ard p e M then p o ¢ (y) = {px}.

The collection of all minimal ttg's can be partitioned in h.p. equi-
ce classes; two minimal ttg's are called h.p. equivalent if they have
non extension via h.p. extensions. Every equivalence class contains a

2 maximal element: the maximal h.p. extension of each of the members

e equivalence class. Such a minimal ttg will be called maximal highly
nal. If y: M —> X is an extension, then for every X, € X,
QF(Y+(XO),M) is the maximal highly proximal extension of all members

2 equivalence class of X (X* is independent of the choice of x, € X).

0
ar to [5], prop.8.3 we have:

EMMA. The following are equivalent for a minimal ttg X.
‘s maximal highly proximal (Z.e. X = X).
is an open image of M.

:ry homomorphism ¢: Y — X of minimal ttg's is open.

(he relation between h.p. extensions and disjointness is given by

EMMA. Let X,

(1 1 Y1 1ff X2 1Y

X, and Y,,Y, be two h.p. equivalent pairs of minimal ttg's
. In particular X 1 Y Zff X" 1 Y.

2

'HEOREM. Let X and Y be minimal ttg's.
Y Zs a factor of X, then Y is a factor of X",

4 Y 2ff Y has a non-trivial quasifactor, which is a factor of X",

a is Theorem I.1(iii) of [2], and the "only if" in b is lemma II.4 of

'he "if-part" of b is a simple corollary of 1.3 and 2.3. [J

'inally we recall corollary II.1 of [2]: Let X,X1 and Y be minimal




.5. If X] is a proximal extension of X (an extension via a proximal homo-

orphism) and X, has a distal factor Y, then Y is a factor of X.

1

Let K be a family of minimal ttg's; we denote by [K] the smallest col-
ection L of minimal ttg's with:
i) Kc L
ii) X e L and ¢: Y —> X an h.p. extension then Y € L;

iii) X e L and ¢: X —> Y a homomorphism then Y € L.

he following lemma characterizes [K].

.6. LEMMA,
. [Kl1=1{z | z s a factor of Y for some Y € K}
. [K'T = K" and KD ¢ KM

ROOF .

. Clearly {Z | Z is a factor of Y" for some Y ¢ K} is closed under factors
and contains K. Let ¢: Y — Z be a homomorphism for some Y € K and let
Y: Z' — Z be an h.p. extension for a minimal Z'. From 2.4.a we know
that z* is a factor of Y'. Since Z' and Z are h.p. equivalent, Z' is a
factor of Z", hence of Y'. Now {Z | Z is a factor of Y  for some Y ¢ K}
satisfies (i), (ii) and (iii), and clearly it is minimal under these con-
ditions.

. Follows from 2.3 and the obvious.fact that if X 1 Y then every factor of

X is disjoint from Y.

XAMPLES.
i) Let D be the collection of minimal distal ttg's and D the universal
minimal distal ttg (the phase group is fixed and understood) then
[D] = [{D}] = {Z | Z is a factor of D }.
ii) Let P be the collection of minimal proximal ttg's and P the universal
[{P}]
uM. Then QF (ucF,M) is the universal

minimal proximal ttg then P = [P]

]

iii) Let F be a t-closed subgroup of G
minimal proximal extension of minimal ttg's with Ellisgroup F ([9], IX.
3.3.(2)). Now [{QF(ueF,M)}] = M(F) = {Y | Y is minimal andeﬁY,yo)_z F
for some Yo = Wq € Y}.




To prove this we need the following definition and fact ([9],X.1.1).
Let ¢: X —> Y be a homomorphism of minimal ttg's, that respects the base

points x, = ux, ¢ X and Yo = Wy € Y and let F =(}(Y,yo). ¢ is called a RIC-

extensiog if fgr every p € M: ¢ (pyo) =p o FXO. Every RIC-extension is an
open map. Since QF (ueF,M) is an image of M under a RIC-extension it follows
from 2.2 that QF (ueF,M) is maximal highly proximal. Since for every t-closed
subgroup F' o F, QF(uoF',M) is an image of QF (ucF,M) (under a RIC-extension
defined by p o F+—— p o F') and every minimal Y with Ellisgroup F' is an
image of QF (uoF'M) (under a proximal extension) it follows that
[{QF (ueF,M)}] = M(F). Remark that QF(ucG,M) = P and M(G) = P.

Also observe that if QF (ucG,M) # {*} then for every t-closed subgroup
K of G holds QF (uoK,M) ¢ M(F), for QF (ueK,M) and QF (ueF,M) have QF (ueG,M)

as a non—-trivial common factor.

2.7. THEOREM. Let K be a family of minimal ttg's. For a minimal ttg X the
following are equivalent:
a. Xe Kl;
L
b. X e [K17;

c. X & [K] for every non-trivial quasifactor X of X.

PROOF. c = b Assume the existence of a Z ¢ [K] with X 7 Z then (2.4.b) X

has a non-trivial quasifactor X which is a factor of Z~ and consequently
X € [K]. b = a Since K c [K] we know [K]l_g Kt. a = c Suppose that X e [K]
for some non-trivial quasifactor X of X. Then there is a Y ¢ K such that ¥

is a factor of Y*, so X V Y (2.4.b) and X é Kt. 0
Denote the family of almost periodic minimal ttg's with AP.

2.8. LEMMA.

a. X € D Iff every non-trivial quasifactor of X is distal.

b. X € AP iff every non-trivial quasifactor of X is almost periodic.

PROOF .

a. Theorem 1.5 with Y trivial.

b. By [12], X e AP iff 2X is almost periodic (and X minimal). In addition,
if 2X is almost periodic then every non-trivial quasifactor of X is al-

most periodic, and this in turn implies X e AP. 00
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’.9. THEOREM. Let K be D or AP and let K be the universal minimal K-ttg.
"hen for minimal X the following are equivalent:

L
1. X e K7

. X L K

:. X admits no non-trivial factors in K ;

l. X admits no non—-trivial quasifactors in [K].

)ROOF. The equivalence of a, b and d is just 2.7, and a = ¢ is trivial.

: = a Suppose X ¢ k' then X 1/ Y for some Y € K. According to 2.4.b there
yxists a non-trivial quasifactor ¥ of Y, which is a factor of X*. Since

! ¢« K<D (2.8) and using (2.5) ¥ turns out to be a non-trivial K-factor of

. 0O

.10. COROLLARY. Let K be D or AP, and let X be a minimal ttg. Then

r

Ce K 1ff every non-trivial quasifactor of X has a non—trivial K-factor.

).11. COROLLARY. D' = AP™ and comsequently pt = AP,

', Let X ¢ DM, then every

’ROOF. Since AP c D it is obvious that APt <
on—-trivial quasifactor X of X has a non-trivial distal factor. Since in

6] ELLIS proved (without countability assumptions), that every non—triviai
1inimal point-distal ttg (and, consequently, every non-trivial element of

)) admits a non-trivial AP-factor. From this and 2.10 it is clear that

oo APM so DM = APY and DT = DM = APHHE - APt

Remark that every non-trivial minimal distal ttg has also a non-trivial
\P-quasifactor. For let {*} # X € D and let Y be a non-trivial AP-factor of

., then Y is an open image of X and so Y is a quasifactor of X.

'.12. THEOREM. Let F be a t-closed subgroup of G = uM, and let X be minimal.
'he following statements are equivalent:

L X e M(F)';

. X 1L QF (ueF,M);

.. X has no non-trivial quasifactor, which is a factor of QF (ueF,M);

. uo Fx =X for all x € X.

f F 2s a 1-closed normal subgroup of G we may replace d by:

'. There is an x € X with u o Fx = X.




11

.+ The equivalence of a, b and c is trivial from 2.7 and the foregoing
le (iii). ¢ ® d For arbitrary x e X, QF (ucFx,X) is a quasifactor of X.
lso QF (uoFx,X) is a factor of OF(uoF,M) by way éf the homomorphism de-
by p o F+—— p o Fx. Our assumption forces QF(?OFX,X) to be trivial,

en follows that u o Fx = X. d = c Suppose that X is a quasifactor of X
factor of QF(ucF,M). So we may assume that X = QF(D,X) for some

X with u o D = D and that the homomorphism from QF (ueF,M) onto

X) is given by p o F+——>p o D. Since q e p o F iff q o F=p o F, we

that (peF) o D= u{ge D! qepoF} =p oD, sofor every p ¢ M:

Dc (poF) oD =p o D. Choose x € D; then p o Fx c p o D and p o Fx =
(ueFx) = p o X = X. Therefore X ¢ D and QF(D,X) is trivial.

et F be a t-closed normal subgroup of G. Since d trivially implies d'

ly have to check d' = c as follows: Let x, ¢ X be such that

0
Xo = X. F is normal, so for all a ¢ G F = a_lFu E_u—l o Fa, hence

< aa—] o Fo = u o Fo. With notation as in the proof of d ® c, we choose
» say x = pxXy. Then p = va for some v ¢ J and o « G ([91, 1.2.4). Since
Xy Sue Fuxo =u o Fvaxo =ucofFxcueoFDand a o FXO =0 o (uOFxo) f
X = X it follows that QF(D,X) is trivial. O

Recall the definition of a RIC extension in example (iii). We define
‘mal ttg to be Zncontractible if the trivial homomorphism ¢: X —> {x}
}IC-extension or equivalently X is incontractible iff u o Gx = X for

¢ e X.

COROLLARY.

» a mintmal ttg X, the following are equivalent:

) X € Pi;

.) X is incontractible;

i) X has no mon-trivial proximal quasifactor,

: X be minimal, then X e ptt 1ff every non-trivial quasifactor of X

v a non—-trivial proximal quasifactor.

- Put F =G in 2.12 and remember that G is a t-closed normal subgroup
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3. EXTENSIONS, D' AND P*

. 1. THEOREM.
. If X e 0" and ¢: X —> Y is distal then X~ = Y .
. If ¢: X —> Y <s distal then Dt axt =0t a v,

ROOF.
Clearly x* c Yl, conversely let Z be minimal and Z 1 Y, and suppose that

Z y X. Then by 2.4.b there exists a non-trivial quasifactor X of X, which
is a factor of Z". Since X ¢ D' it follows that X is not distal (2.9),

hence 1.5 implies that X i/ Y. So Y has a non-trivial quasifactor ¥,

which is a factor of X*. Then by 2.4.a ¥ is a factor of Z*, so by 2.4.b
Y 2z, which contradicts the assumption.

. Let Z € ' n v and suppose Z Iy X. Then X has a non-trivial quasifactor
X, which is a factor of z*. From Z L Y we conclude that Z* 1 Y and so

X 1 Y. By 1.5 X must be distal, but as a factor of an element of D' this

is impossible.

.2. COROLLARY. (Theorem II.1 of [2]) pt is closed under distal extensions.
ROOF. Let ¢: X —> Y be distal, with Y ¢ D™" then D" n Y' = D'
L=ptaxt = x" and X e DM, O

. By 3.1.b

We will now obtain the same kind of result with distal replaced by
roximal (3.5) thus generalizing a result of SHAPIRO ([15],2.4) by way of
generalization of [11], 4.5. First remember that for a (not necessarily
inimal) ttg X, x € X is called an almost periodic point.if its orbit clo-

ure is minimal.

.3. LEMMA. Let X and Y be minimal with Ellisgroups H respectively F in
= uM. Then X L Y 2ff HF = G and X x Y contains a dense subset of almost

ertodic points.

€ X and Yo € Y with ux, = x

ROOF. Recall that x and uyy =Yg and that

0 0 0
and F are the Ellisgroups of X and Y relative X, respectively Yo+ Assume

1 Y, then X X Y is minimal and every element of X x Y is almost periodic.
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In particular X x Y is the orbit closure of (xo,yo) = u(xo,yo). Choose
y € G; then there exists a p € M with p(xo,yo) = (XO,YyO), 50 PXy = X and
PYy = YYq- Since up ¢ H and up_ly e F it follows that y = uy = up.up vy e HF,
and G c HF.

Now suppose HF = G and X x Y has a dense subset of almost periodic
points. We prove that all almost periodic points are in the orbit closure
of (xo,yo), which is a minimal ttg since u(xo,yo) = (XO,YO) ([41,3.7). The
minimality of X x Y is then obvious. Let (X,y) = (pko,qyo) be almest peri-

odic. Then there is a v € J with VPX,) = PX and vqy, = ay,- Choose 0,8 ¢ G
HF

with vp = va and vq = vB8. Then (x,y) = VB(B_lax ), and as B—la e G

0°Yo
we may choose h ¢ H and f ¢ F with B Ia = fh. Now (x,y) = vB(fth,yO) =
= vB(fxO,yo) = va(xO,f_lyO) = va(XO,yO) and (x,y) is an element of the

orbit closure of (xO,yO). O

There are several situations where X X Y has a dense set of almost
periodic points, for instance if X x Y is a distal extension of a minimal

set. Another situation is the basis of the following theorem, with notations

as above.
3.4. THEOREM. If X e P* and Y is minimal then X L Y iff HF = G.

PROOF. We only have to prove, that the incontractiblity of X implies, that
X x Y has a dense set of almost periodic points. This follows immediately

from the remark on page 814 of [16]. []

We define a topological group T to be strongly amenable if there does
not exist any non-trivial minimal proximal ttg with phase group T, or equi-
valently, if every non-trivial minimal ttg on T is incontractible ([9],II.3).
For instance if T is abelian of nilpotent then T is strongly amenable. From
3.4 it is ob?ious, that for strongly amenable groups the disjointness of X

and Y is equivalent with HF = G. (For T abelian see [11],4.5).

3.5. THEOREM.
1

a. If X ¢ P* and ¢: X —> Y is prowimal then X° = Y.

. If ¢: X —> Y s proximal then Ptaxt =Pty




2ROOF .

1. Assume Z L Y and Z minimal. Then ¢ X lz: X x Z — Y x Z is proximal.
Since Y x Z is minimal it follows from [9], II.l that X x Z contains

unique minimal sub-ttg. By the proof of 3.4 X x Z has a dense set of

most periodic points and so X x Z is minimal and X L Z.

Suppose Z € P! and Z L Y. Let the Ellisgroups of X,Y and Z in G be re
spectively H,F and K. By 3.4 KF = G and [9], I.4.1(2) implies that H

1

for a suitable choice of Xy = ux, € X and Vg = g € Y. But then it f
lows, that KH = G and Z 1 X.

3.6. COROLLARY. P'* s closed under proximal extensions.

PROOF. Similar to 3.2. [
§4. DISJOINTNESS AND WEAK MIXING

In [14] PETERSEN characterizes the weakly mixing minimal ttg's with
abelian phase group as the minimal ttg's which admit no non-trivial almo
periodic factor. We shall generalize this result slightly: see 4.3 below
Recall that a ttg X is ergodic if X is the only closed invariant subset
X with non-empty interior, and that X is weakly mixing if X x X is ergod
We denote the collection of weakly mixing minimal ttg's with WM.

We need the following two results:
4.1. THEOREM. (ELLIS [6],1.9). Every distal and ergodic ttg is minimal.

4.2. THEOREM. Let X ¢ P* n D" and let Y be ergodic having a dense set of
almost periodic points; then X x Y is ergodic. In particular this applie

the case that Y is minimal.

PROOF. This is a reformulation of [16], 2.1.6, using the fact that
Dt = APl, 2.9 and 2.13.(a). O

4.3. THEOREM. WM c D' and P a D" = PY n WM.
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. Let X € WM and let Z be a distal factor of X. Then Z x Z is distal

cgodic (for X x X is ergodic and ergodicity is preserved under factors).

< Z is minimal by 4.1, hence Z is trivial and X e D" by 2.9. Now let

L n Dl, then by 4.2 X x X is ergodic, so X ¢ WM, and since Pt on WM <
by Pl ot - pt

) < WM it follows that nD = n WM. [0

JOROLLARY. Let T be strongly amenable; then (M = pt = Apt.

Je conclude this section with an observation about distal extensions of

7 mixing minimal ttg's but first:

.EMMA.

18 closed under proximal extensions.

18 closed under distal extensions.

: ¢: X —> Y be a proximal homomorphism of minimal ttg's and Y € Dt
ypose that X ¢ D' then by 2.9 X has a non-trivial distal factor Z. By

5 Z is a factor of Y, which contradicts Y ¢ pt.

: ¢: X —> Y be a distal homomorphism of minimal ttg's and Y € pt.

>ose Z € P and suppose X I/ Z, then there is a non-trivial quasifactor
of X, which is a factor of z¥. 1f X 17 Y, then there is a non-trivial
asifactor ¥ of Y, which is a factor of X*, hence of z*. This contra-
2ts Z 1 Y, so X 1 Y. Then X is distal by 1.5 so 7" has a distal factor,

... . . *
t this is impossible since Z € P ¢ ot O

COROLLARY. Let Y € PX n WM. Then every minimal distal extension of Y

£t distal factor is weakly mixing.

. Let ¢: X —> Y be distal and X « D', Since Y ¢ Pt it follows from
that X € Pl, soX e Pt npt =P awm g

[SJOINTNESS AND (H)PI
Let ¢: X —> Y be a homomorphism of minimal ttg's, ¢ is called strict-

or X is called a strictly-PI extension of Y if there exist an ordinal

for every ordinal a < v a minimal ttg (w&,wd) with u-invariant base
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oint vy such that

. WO =Y and Wv = X;

e for every a < v (Wa,wa) is a factor of (Wa

+1°Yo+1
¢a which is either proximal or almost periodic;

) under a homomorphism

Ve if o is a 1limit ordinal then (Wa’wa) = \T{(WB,WB) I B < al.

lere V'{(WB,WB) | B < o} denotes the (minimal!) orbit closure of (WB)B<u in
i{WBIB < o}. We shall refer to such a system {(Wa,wd),¢d} as a tower.

'he homomorphism ¢: X —> Y of minimal ttg's is called PI or X is a PI ex—
.ension of Y, if there exist a minimal ttg Z, a strictly-PI homomorphism

1t Z —> Y and a proximal homomorphism 6: Zv——é-X, such that the next dia-

;ram commutes.

bserve, that in [16] a PI extension is what we called a strictly-PI exten-
iion. The reason for our denomination is the following:
. minimal ttg X is called (strictly-)PI if X is a (strictly-)PI extension
f the trivial ttg {*}, and this is equivalent to the definition of a
strictly)-PI ttg in [7], [9]. In the same way we define (striectly-) HPI
omomorphisms and -ttg's, by replacing proximal by highly proximal in 2. of
he description of the tower. For more details see [7]1, [9], [16] and [2].
We intend to determine PIT and HPIL, where PI and HPI denote the col-
ections of all PI- and all HPI ttg's respectively.
First, define for a t-closed subgroup F of G, H(F) as the smallest t-
losed normal subgroup of F, such that F/H(F) with the quotient topology is
. compact Hausdorff topological group. Let Fw be the t-closed normal sub-

roup of F that is the inverse limit of the sequence H(F), H(H(F)),... .

.1. THEOREM. Let ¢: X —> Y be a homomorphism of minimal ttg's. Then ¢
8 PL 2ff H 2 F_, where H and F are the Ellisgroups of X and Y respectively.

'ROOF. This is a relativized version of X.4.2 of [9]. [
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From 5.1 it follows immediately that if ¢ = 6 o ¢ is PI then also 0 is
PI.

5.2. LEMMA.

a. PI = [PI] = M(G_), and every PI ttg is a factor of a strictly-PI tig.
b. HPI = [HPI], and every HPI ttg is a factor of a strictly-HPL ttg.

c. X e prt Zff u o GwXO = X.

d. PI* ¢ P' n 0 and HPT' < D .

PROOF .

a. [9]1, X.4.2.

b. [2], Corollary III.I.

c. Follows from a and 2.12(@d").

d. Since G 2 G_ it follows from c and 2.13 a that Pll‘g PY. In [6] ELLIS
proved that every minimal distal ttg is an inverse limit of almost
periodic extensions and so D ¢ HPI c PI, thus PTt = HPT* c D' and
PI* c Pt oDt O

We shall now prove a PI-analogue of 3.1 and 3.5. But first observe that

. . . . . L. .
if K is a collection of minimal ttg's, then K~ is closed under inverse

limits, as X x VYa =] V(XXYa) for X € K and Ya € Kl.

5.3. THEOREM.
a. If X e PIt and ¢: X —> Y <8 strictly-PI then xt =Y,
b. If ¢: X —> Y is strictly-PI, then PI* o x' = PI* o ¥t.

PROOF.

a. Clearly every (Wa,wa) in the tower of ¢ is in PI'. Since PI* [ Pt a Dt
and every ¢a is either proximal or almost periodic (hence distal) it fol-
lows from 3.1.a and 3.5.a, that for every a, Wi = Yl and so Xt = Yl.

b. Follows in a similar way from 3.1.b and 3.5.b. []

5.4. COROLLARY. PI*' 4s closed under PI extensions.

PROOF. Similar to 3.2 it can be shown that PI'' is closed under strictly-PI

extensions. Let ¢: X —> Y be a PI extension, then there exist a minimal
ttg Z and a strictly-PI extension y: Z —> Y, such that X is a factor of

Z. Now we may conclude that if Y ¢ PI*! then also Z e PI* and so X e PI*t. [
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.5. THEOREM.
. ot = HPTt.
. Pl n Dl = PIL.

ROOF. We only have to prove the converse of 5.2.d. Let W ¢ Dl and let X be

strictly-HPI ttg. If we apply 3.1.b to the almost periodic steps in the
ower of X and 2.3 to the highly proximal ones, it follows that X L W.
ince 5.2.b it is clear that this implies HPT* [= Dh.
Let We D' n P and let X be a strictly-PI ttg. Using 3.1.b for the al-
ost periodic steps and 3.5.b for the proximal steps, we see that X 1L W,

herefore P- n D" c PIt. O

=

.6. COROLLARY.

Pt =Pt wM =Pt a0t = Pt AP = PRI,

. If T is strongly amenable then PIt = wM = D = AP* = HPI'.

L If X e PY, then X e WM iff HG_ = G (H <s the Ellisgroup of X).

L

ROOF. a,b are clear c follows from 5.2.a and 3.4. [

6. DISJOINTNESS AND RELATIVE-PRIMENESS

We will now turn to some variations on the theme of whether relative
rime implies disjointness. It is wellknown, that in general this is not
rue, so the problem is to search for conditions, which are sufficient for
his implication to hold. As before G = uM, and Ellisgroups are subgroups
f G. Let K*© denote the complement of k' in the collection of all minimal
tg's and remember that two minimal ttg's are called relative prime if they

ave no non-trivial common factor.

.1. LEMMA. Let X and Y be minimal with Ellisgroups H and F and let K be the
mallest 1-closed subgroup of G containing H u F. If OF(ueK,M) € D€ then

and Y are not relative prime by a non-trivial common distal factor.

ROOF. Since QF (uoK,M) € D€ it has a non-trivial distal factor $: QF (uoK,M)

— Z, Define ¢: X —> Z by px, +—> ¢ (poK) and y: Y —> Z by Py, b (poK).

0
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iffices to prove that ¢ and ¢ are well defined, for then they are ob-
sly continuous, equivariant surjections (preserving basepoints). Let
l ¢ in M be such that px

= gqx.. Then up_lq e Hc K, sop o Kand q o K

0 0’
yroximal in QF (ueK,M). Since Z is distal it follows that ¢ (poK) =

1°cK) and ¢(px0) = ¢(qx0). Similarly ¢ is well defined. [

LEMMA. Each of the following conditions implies that QF (uoK,M) e D*C.
L n M(K)J.C 7_1; @.
:GWK) n P* contains a non-trivial ttg.

. Let Z € /s M(K)lc. By 2.12 there exists a z ¢ Z with u o Kz # Z.
7(uoKE,Z) is non-trivial and by 2.10 it has a non-trivial distal factor.
yusly this implies that-QF (ueK,M) has a non-trivial distal factor and
KoM e DM, Let Z ¢ M(GwK) n P' be non—trivial. Its Ellisgroup contains
ind so it contains Gm. Therefore Z is an incontractible PI ttg (5.2.a)

1as a non—-trivial almost periodic factor ([9],X.4.4.). This is also a
ir of QF (uoK,M), hence QF (uokK,M) ¢ D*¢. O

For the following theorems we need the introduction of regular minimal
'« We call a minimal ttg X regular if its Ellisgroup H is a normal sub-
. of G. In that case for all x € X with ux = x we have(ﬂ(X,x) = H. For

plicit treatment of regular minimal ttg's we refer to [1].

THEOREM. Let X and Y be minimal ttg's with X or Y regular and X € Dt
X 1Y 2ff X and Y are relatively prime.

. Suppose X or Y is regular, X ¢ p* and x 7 Y. With notation as in

t is clear that K = HF = FH is a t-closed subgroup of G ([9], IX.1.10).
/Y we have X 1/ QF(uoF,M), since Y is a factor of QF (uoF,M). In the
that F is a normal subgroup X # u o Fxo =u o FHXO =u o KXO (2.12.4").
is normal then aHa_l = H for all a € G. In this case, there exists by
d an X € X with u o Fx # X. Let w ¢ J and o ¢ G be such that X = WXy .
ﬂ(X,ug) = aHa-] =Hand X#ueoeFx=1uoFux =u o FHx = u o Kx. So

th cases we can find an x € X, such that X = QF (ueKx,X) is a non-triv-
uasifactor of X. Since X 7 % (1.3) and(j(%,uOKg)ng it follows that
[(K) and X ¢ M(K)*©. The proof is finished by applying 6.1 and 6.2.a.

ther way around is trivial. []




The following consequence of 6.2.b can also be found in [8] in a some-

that weaker version.

y.4. THEOREM. Let X and Y be minimal with Ellisgroups H and F, with X or Y
egular, such that G_ c HF and every quasifactor of X is incontractible.
Then X L Y 2ff X and Y are relatively prime.

)ROOF. Let the notation be as before. Similar to the proof of 6.3 we get
, non-trivial quasifactor X = QF(uoKx,X) of X. Our assumptions guarantee
‘ts incontractibility. Since (J(X,ucKx) > G_ it follows that

(e M(G_K) n pt = M(K) n P, Now apply 6.1 and 6.2.b.

Observe, that the condition of each quasifactor of X being incontract-

ible is trivially fulfilled if T is strongly amenable.
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